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ON LINEAR OPERATORS WITH P-NUCLEAR ADJOINTS
O.I.Reinov†
Abstract. If p ∈ [1,+∞] and T is a linear operator with p-nuclear adjoint from a
Banach space X to a Banach space Y then if one of the spaces X∗ or Y ∗∗∗ has the
approximation property, then T belongs to the ideal Np of operators which can be
factored through diagonal oparators lp′ → l1. On the other hand, there is a Banach
space W such that W ∗∗ has a basis and such that for each p ∈ [1,+∞], p 6= 2, there
exists an operator T : W ∗∗ → W with p-nuclear adjoint that is not in the ideal Np,
as an operator from W ∗∗ to W.
In a series of previous notes the author considered the question on the existence or
nonexistence of non-p-nuclear operators with p-nuclear second adjoints in concrete
Banach spaces. For example, in [3] such ”bad” operators were constructed for every
p ∈ [1, 2) in spaces with Schauder bases.
Here we treat the analogous case for the operators whose first adjoints are p-
nuclear. Already in the paper [2, §4] the corresponding assertions were formulated
(without proofs) in which the spaces under consideration, however, did not possesses
bases, — in the best case only one of the spaces, in which the operators acted, had
the approximation property, but yet not bounded AP. In this note, proving partly
those assertions from [2], we show that the similar examples can be found in spaces
with bases (and even in better spaces). Simultaneously, some sufficient conditions
are given for the positive answer to the corresponding question. These questons are
connected with the p-nuclearity of the adjoint operator (moreover, those conditions
are shown to be close to the necessary ones).
All the spaces under consideration are Banach spaces. We usually denote the
elements of the spaces by the corresponding small letters: x ∈ X, y ∈ Y, . . . , x′ ∈
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X∗, y′′ ∈ Y ∗∗, . . . . For p ∈ [1,+∞], the conjugate exponent p′ is defined by the
relation 1/p+1/p′ = 1. By L (X, Y ) it is denoted the space of all (linear continuous)
operators from X to Y with its standard norm. We shall consider every Banach
space also as a subspace in its second dual, usually without introducing any ad-
ditional notations for the natural imbedding X → X∗∗. However, in the case of a
necessity, we will denote by piX this canonical imbedding.
Let us recall that a Banach space has the (Grothendieck) approximation property
(the property AP), if the identity map on the space can be approximated, in the
topology of compact convergence, by finite-dimensional operators.
For p ∈ [1,∞], an operator T, acting from X to Y, is said to be an Np-operator,
if it can be represented in the following form:
(1) Tx =
∞∑
k=1
< x, x′k, > yk for x ∈ X,
where the sequences {x′n}
∞
n=1 ⊂ X
∗ and {yn}
∞
n=1 ⊂ Y are such that the quantity
(2) α :=
(
∞∑
k=1
‖yk‖
p
)1/p
sup

(
∞∑
k=1
| < x′k, x > |
p′
)1/p′
: x ∈ X, ‖x‖ ≤ 1

is finite (recall that p′ is the conjugate exponent for p; in the case when one of
the exponents p, p′ is equal to infinity, one must understand the right part of
the relation (2) properly). The set of all Np-operators from X to Y is denoted
by Np (X, Y ), and the lowest bound inf α, where the inf is taken over all possible
representations in the form (1) of the operator T, — by νp (T ). For every p ≥ 1 the
class Np of all Np-operators is a Banach operator ideal [1]; for fixed spaces X, Y
Np (X, Y ) is a Banach space with the norm νp. Let us note that for the exponents
p, q ∈ [1,+∞], p < q, we always have: Np ⊂ N q with the corresponding inequality
for norms.
We denote by X∗⊗̂
p
Y the tensor product associated with the space Np (X, Y ) :
this is the completion of the algebraic tensor product X∗⊗Y via the norm νp
0
, which
is defined for z ∈ X∗ ⊗ Y as the lowest bound, over all possible representations
z =
∑N
k=1 x
′
k ⊗ yk in X
∗ ⊗ Y, of the numbers
(
N∑
k=1
‖yk‖
p
)1/p
sup

(
N∑
k=1
| < x′k, x > |
p′
)1/p′
: x ∈ X, ‖x‖ ≤ 1

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It is not difficult to see that the space Np (X, Y ) is the image of X∗⊗̂
p
Y under the
natural mapping X∗⊗̂
p
Y → L(X, Y ). For z ∈ X∗⊗̂
p
Y, the induced operator we
will denote by z˜.
We shall need below the following reformulation of the corollary 1.2 from [2]:
(∗) There exists a reflexive separable Banach space E such that for each r 6= 2
the canonical mapping E∗⊗̂
r
E → Nr(E,E) is not one–to–one.
The dual space of X∗⊗̂
p
Y is isometrically equal to the space Πdp′(Y,X
∗∗), where
by Πdp′ we denote the ideal, dual to the ideal of absolutely p
′-summing operators
with the corresponding norm (see [1]): if z ∈ X∗⊗̂
p
Y and U ∈ Πdp′(Y,X
∗∗), then
the duality defined with the help of trace: trace U ◦ z. Note that in case when one
of the space X∗ or Y possesses the AP, the canonical mapping X∗⊗̂
p
Y → L(X, Y )
is one–to–one and thus we can write in this case: X∗⊗̂
p
Y = Np (X, Y ).
The assertion (∗) can be reformulated by the following way:
(∗∗) There exists a reflexive separable Banach space E such that for each r 6=
2 one can find a tensor z ∈ E∗⊗̂
r
E and an operator U ∈ Πdr′(E,E) for which
trace U ◦ z = 1 and the associated with z operator z˜ = 0.
Theorem 1. Let p ∈ [1,+∞], T ∈ L(X, Y ) and either X∗ ∈ AP or Y ∗∗∗ ∈ AP.
If T ∈ Np(X, Y ∗∗), then T ∈ Np(X, Y ). In other words, under these conditions
from the p-nuclearity of the conjugate operator T ∗ it follows that the operator T
belongs to the space Np(X, Y ).
Proof. Suppose there exists such an operator T ∈ L(X, Y ), that T /∈ Np(X, Y ), but
piY T ∈ N
p(X, Y ∗∗). Since either X∗ or Y ∗∗ has the AP, Np(X, Y ∗∗) = X∗⊗̂
p
Y ∗∗.
Therefore the operator piY T can be identified with the tensor element t ∈ X
∗⊗̂
p
Y ∗∗;
in addition, by the choice of T, t /∈ X∗⊗̂
p
Y (the space X∗⊗̂
p
Y is considered as a
subspace of the space X∗⊗̂
p
Y ∗∗). Hence there is an operator U ∈ Πdp′(Y
∗∗, X∗∗) =(
X∗⊗̂
p
Y ∗∗
)∗
, with the property that trace U ◦ t = trace (t∗ ◦ (U∗|X∗)) = 1 and
trace U ◦ piY ◦ z = 0 for each z ∈ X
∗⊗̂
p
Y. ¿From the last it is follows that, in
particular, UpiY = 0 and pi
∗
Y U
∗|X∗ = 0. In fact, if x
′ ∈ X∗ and y ∈ Y, then
< UpiY y, x
′ >=< y, pi∗Y U
∗|X∗x
′ >= trace U ◦ (x′ ⊗ piY (y)) = 0.
Evidently, the tensor element U ◦ t induces the operator UpiY T, which is equal
identically to zero.
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If X∗ ∈ AP then X∗⊗̂
p
Y ∗∗ = Np(X, Y ∗∗) and, therefore, this tensor element is
zero what is contradicted to the equality trace U ◦ t = 1.
Let now Y ∗∗∗ ∈ AP. In this case
V := (U∗|X∗) ◦ T
∗ ◦ pi∗Y : Y
∗∗∗ → Y ∗ → X∗ → Y ∗∗∗
uniquely determines a tensor element t0 from the projective tensor product Y
∗∗∗∗⊗̂Y ∗∗∗.
Let us take any representation t =
∑
x′n ⊗ y
′′
n for t as an element of the space
X∗⊗̂
p
Y ∗∗. Denoting for the brevity the operator U∗|X∗ by U∗, we obtain:
V y′′′ = U∗ (T
∗pi∗Y y
′′′) = U∗ ((T
∗pi∗Y piY ∗) pi
∗
Y y
′′′) = U∗ ((piY T )
∗ piY ∗) pi
∗
Y y
′′′) =
= U∗
(
(
∑
y′′n ⊗ x
′
n) piY ∗) pi
∗
Y y
′′′
)
= U∗
(∑
< y′′n, pi
∗
Y y
′′′ > x′n
)
=
=
∑
< pi∗∗Y y
′′
n, y
′′′ > U∗x
′
n.
So, the operator V (or the element t0) has in the space Y
∗∗∗∗⊗̂Y ∗∗∗ the repre-
sentation
V =
∑
pi∗∗Y (y
′′
n)⊗ U∗(x
′
n).
Therefore,
trace t0 = trace V =
∑
< pi∗∗Y (y
′′
n), U∗(x
′
n) >=
∑
< y′′n, pi
∗
Y U∗x
′
n >=
∑
0 = 0.
On the other hand,
V y′′′ = U∗ (piY T )
∗
y′′′ = U∗◦t
∗(y′′′) = U∗
(∑
< y′′n, y
′′′ > x′n
)
=
∑
< y′′n, y
′′′ > U∗x
′
n,
whence V =
∑
y′′n ⊗ U∗(x
′
n). Therefore
trace t0 = trace V =
∑
< y′′n, U∗x
′
n >=
∑
< Uy′′n, x
′
n >= trace U ◦ t = 1.
The obtained contradiction completes the proof of the theorem. 
Theorem 2. For each r ∈ [1,∞], r 6= 2, there exist a separable space W and
an operator T ∈ L(W ∗∗,W ) such that W ∗∗ has a basis, T ∈ Nr(W ∗∗,W ∗∗), but
T /∈ Nr(W ∗∗,W ).
Proof. Let us fix r ∈ [1,∞], r 6= 2 and take the triple (E, z, U) from the assertion
(∗∗). LetW be a separable space such thatW ∗∗ has a basis and there exists a linear
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homomorphism ϕ from W ∗∗ to E with the kernel W ⊂ W ∗∗ so that the subspace
ϕ∗(E∗) in complemented in W ∗∗∗ (see [4]). Lift the tensor element z, lying in
E∗⊗̂
r
E, up to an element1 α ∈ E∗⊗̂
r
W ∗∗, so that ϕ ◦ α = z, and set V := U ◦ ϕ.
Since trace V ◦α = trace U ◦ z = 1 and W ∗∗ has the AP, then α˜ = α 6= 0. Besides,
the operator ϕ˜ ◦ α : E → W ∗∗ → E, associated with the tensor ϕ ◦ α, is equal to
zero. Therefore α(E) ⊂ Kerϕ =W ⊂W ∗∗, that is the operator α is acted from E
into W.
Since the subspace ϕ∗(E∗) is complemented in W ∗∗∗, then α ◦ ϕ ∈W ∗∗∗⊗̂
r
W =
Nr(W ∗∗,W ) iff α ∈ E∗⊗̂
r
W = Nr(E,W ).
If α ∈ Nr(E,W ), then for its arbitrary (nonzero!) Np-representation of the form
α =
∑
e′n ⊗ wn the composition ϕ ◦ α is a zero tensor element in E
∗⊗̂E; but this
composition represents the element z, which, by its choice, can not be zero one.
Thus, α /∈ Nr(E,W ) and, thereby, α ◦ ϕ /∈ W ∗∗∗⊗̂
r
W = Nr(W ∗∗,W ). On the
other hand, certainly, α ◦ ϕ ∈W ∗∗∗⊗̂
r
W ∗∗ = Nr(W ∗∗,W ∗∗). 
So, the approximation conditions imposed on X and Y in the theorem 1 are
essential.
It is clear that from (∗∗) and from the proof of Theorem 2 it follows that there
exists a Banach space W, for which the conclusion of the theorem is valid for all
mentioned values of the parameter r.
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1If z =
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k=1 e
′
k
⊗ ek is any representation of z in E
∗⊗̂
r
E, then we take {w′′n} ⊂W
∗∗ in such
a way that the last sequence is absolutely r-summing and ϕ(w′′n) = en for every n.
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